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A Parametric Analysis
of the Dynamie Lot-sizing Problem 1)

By linttt Rielüer nnd, Joasef Vörös

Ab'stract: This paper gir-es the analysis of the parametrized dynamic lot-size nrodel. Three
cases of paranretrization are studied here: (i) setup and holding costs, (i i) clernand vector,
(iii) costs and demanrf. For all t,hese cases the stability region of the parameters is founcl,
i.e. it is slrorvn for rvhich pararrreters a solution generated by l'['�agner-lYltititt's algorithm
remains r.'alid. In the parametric analysis of the cases (i) and (ii) the pararneter intervals
are found b;.- stud;;ing a simple system of inequalities. In the rnore complicated case (iii) the
stabilitv region of the trvo parameters is drarvn by a cornputer program.

1. Introduetion

In the dy-namic lot-sizing problem (DLSP) the demancl for the finished product
occur-r perioclicaliy and is knon'n for T time periods in advance. Our modols rely upon
the assumption of linear inventory holding costs rather than the more general concave
holding costs and holding costs remain constant in all fime periods.

The DLSP is one of the best knorvn standard model in OR/IIIS and the basic model
of DLSP has been developed into many d"irections. Although the dynamic pro-
gramming algorithm given by Wagner and Whitin (1958) for solving the uncapacitated
DLSP can be considered as an effective one, heuristics are also studied frequentl;r
( [e ] ,  [6 ] ,  [3 ] ) .

The theory of the multilevel lot-sizing problems is a useful generalization of the
single-level DLSP, too ([5], llll, Loae (L972), [4], l2l, [1]) and relatively less effort
has been devoted to the parametrical problems ([7], [8]).

The purpose of this paper is the investigation of the stability of an optimal schedule.
Section 2 gives the parametric analysis of the objective function, rvhile Section 3 gives
that of the demand vector. Section 4 describes the t'wo-parametric case.

2. Parametric analysis of tho objective function

The DLSP is studied as
?
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The inputs of DLSP are &s usual:

T time horizon,

I : setup cost,

h : holding cost,

Ut : the inventory level at the end of period t,

11 : t'he production level at period t,

d, ) 0 demand at period t.

fn problem (1)-(4) total setup and holding cost is minimized subject to the satis-
faction of the demand at each period.

The Wagner-Whitin algorithm is used to solve DLSP. fntroducing

c ( k , t )  :  s + h -  i  V  - k  _ � L ) . d , ;  t : I , 2 , . . . , 7 ;
r : I ; * L  

k :  o ,  r ,  . . .  ,  t  -  L  ,

the follos'ing recursion is performed for all ü:

. / ( 0 )  : 0 ,  f ( t ) :  m i n { c ( k ,  t )  + f ( k ) : k { t l  ,  t : 1 , 2 ,  " ' , 7 '  ( 5 )

Let f(k,t) : c(k,t) + f(k). The parameters {Ä:(ü) }, t : i-Z. ..., ? satisfying

,f(t) : f (tc1t1, t) ,

called regeneration points, can be used to find an optimal solution for DLSP.
In [7] It is pointeä out that the stability region of such {e(t)}, i.e. the set of all cost

inputs (s, b) Laving a {k(t)}-solution, constitutes a conYex cone with a given form'
Nörv, holvever, the follou'ing cost structure is considered':

18,fr1 : ({s, rt,) a ai,i. fry) .

Let DLSP be solved. for (s, ä) with a given demand sories and let {k(t)} be a cor-
responding regeneration set.

Let s(0): lz(0) : 0,

t

h , ( k , t \  :  h ( k )  * , ; * r ( t  -  k  -  L ) '  d ,

s ( k , t ) :  s ( / g )  +  l ,  a n d

lt(t) : ta(tc1t1, t) '
s(r) : s(k1t1,t) ,

fur thormorei ls(k , t ) :  s( lc ,ü)  -  s(ü)  a td 'd ,h( lc , t ) :  h(k , t )  -  h( t )  for  t  :  I ,2 ,  " '  ,  T ;

k : 0 r 1 , . . . , ü - 1 .
It is the easy to find the set .4 of a's for s'hich {fr(f) } remains valid.
Theorem l. The set A is giuen by the inequolöti'es

u ( l c , t )  { a  { a ( k , t ) ;  t :  I , 2 , . . . , 7 ,  k : 0 ,  1 ,  . - , , t  - I

s f a s ) O ;  h * a h ) O  ( 7 )

(6 )
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where u(k, t) equa,ls to

-(s' ds(fr ,  t) + h . d,h(k,r))/(A . i ts(k, t) + i  .  dh\k, t))

69

(8 )

it the d,enominator of (8) is positiue, otherwise it is negattae infinite. a(lc, t) also equals to
(8), z/ the tlenominator r,.s negatiae, otherwise i,t is Ttositic-e infinite.

Proof. It is enoush to show the necessitv of the conditions.
For costs (.i, ä) must be true that

j 1 t , t )  >  j t t l ;  t  : 1 , 2 ,  . . .  , 7 ;  l c  : 0 , 1 ,  . . .  ,  t  -  r (e)

where for cost inputs (.3,i1 jQ) means the minimum eost of covering demands in the
t-period problem while f(k, t) means the same rvith the proviso that the last but one
regeneration points is k. Using definitions in (6), if (s, ä) has the same regeneration set
{k(t)1, then (9) can be written as

j 1 t , t ) :  ( s  +  aG l  . s1 tc , t \  +  (h  +  " i , ) . h (k , t )

ä (s * a31 . s1r; + (h + " i1 .np1
: f(t) '

and thus the conditions

s *  d ,s(k , t )  +  h + i th(k , t )

follorr and conditions (7) have the

3. Parametric analvsis of the demanrl vector

Let the demand vector d' - (d1, cl2, ... , dr) be expressed as

d r :  d ,  *  b . i r ;  t :  ! , 2 ,  . . .  ,  T ;

and let the DLSP be solved for (s, ä) and itr1, t : l, 2. ..- , T.
To ansrver the question that for rvhich ä is {fr(r) } valid we introduce the follon'ing

expressions:

/a(0)  :  0 '

i 6 , t 1  : f r ( q +  i  V - k - t ) . i , ;
r : k  * l

iq t l  :  i (o( r l ,  t ) ;  
t  (10)

>  - " ( 3  x d , s ( k , q  + t + d , h ( k , t ) )
same meaning. I

h( t )  :  h (k ( t ) ,  t ) ;  {
afi1n, t7 - fil,gc,'t',1 - i.6; I
i : 1 , 2 , . . . , 7 ;  k : 0 , 1 , . . . , t - L .  )

; .
Let l(f ) be the minimum cost of covering demands cl n-ith eosts (s, ä) in the t-period
problem s'hile/(&, ü) be the same s.ith the proviso that Ä'is a last but one regeneration
point.

T h e o r e r n  L
(1) The set B of parameters b for uhich DLSP is .solterl by {k(t)l is giuen by the

f oll orc t n g in equalztie s :
w ( k , t )  < b . h  3 z ( k , t ) ;  t : 1 , 2 , . . . ,  T ;

d t + b d t > 0 ;  f : 1 , 2 , . . . , 7 .

k : 0 , 1 , . . . , t - l t  
( f f )



70 K. Riclrter. J. T:örös

(ä) The equations
j @ : / ( r )  +  u .  t t . f r 6 :  t :  L , 2 , . . .  ,  T  ( 1 2 )

h,old,.for all feasible b. uhere u(l;,t) equals to
-(flr', t) - l$)) lafrg:, ty (tB)

if t\e d,enominntor ts positio-e, otherwtse it is negatiue htfinite. z(lc, t) also equal to (f 3)
if dh(k, t) is negatiae otheruise tt is Ttositiae infinite.

Proof. The statements are obriouslv true for a one-period DLSP. Since in the
Wagner-trlrhitin algorithm the solution for a f-period problem is found rrith the help
of the Ä-period problems, l :  {t ,  i t  is necessarr. to shon'hon'to derive the statement
for the f-period case if the k-period case. lc < t, is assumed to have been already
proved. Let the t-period case be proved indirectlS'.

We assume that for feasible ö there is some /.: such that

iQ):  j&,q<l(r ' t t t , t )  .  (14)
We remind that { l : ( t ))  is determined for the case d1. t  :  l .  2.  . . . ,  T.

It follows from (14) that

j t r r l  + s + f r , .  i  e  - I :  - \ . A ,
r : l : : I

- x r ,  
t  ^

< / ( a ( , ) )  * s * ä .  t  ( ,  - k  - L ) . d , .
r : J :  = L

Assuming that (I2) is true for Ä ( f and appl;'ing the definitions in (10) rve can rr-rite:

f(k, t) + h. uilt:, t7 < fA) + h : u . tp1,
or

f ( l ; , t )  -  f ( t )  <  h .  b  .  h(h,  t )  .

In any case there is a contradiction either to the optimality of {k(ü)} for d,, t :
: L,2, ... , T, or to the definition of set B given in the formulation of the theorem.

The statement (ii) is an obrious consequence of statement (i);
t ^

l $ ) : i ( r l r l )  * s = t t , .  I  V - k - \ . ä ' ,
^  

r : I ; ( t \  = I

: f ( t ) + h . b . h ( t ) . n

4. Two-parametrie analysis

Our task in this section is to determine the set AB of (a. ö)'s for u-hich the solution

{k(t)) of DLSP rri th inputs (s. /a. d) is vai id. The inputs of DLSP arc:3,i ,  ä.

Theorem 3. The set AB 'is giaen, by th,e following system of (partly nonlinear) in-
eqtnlttiesz

p(lc, t ,  a) { b 3 q(lc, t ,  a); (1ö)

t : L , 2 , . . . , T ;  k : 0 ,  L , , . . , t  - L ;

u( lc ,  t )  {  a  {  a( lc ,  t ) ;  (16)

t :  I , 2 , . . . ,  T ;  k  : 0 , I ,  . . .  f  -  I ;

s + a , 3 ) 0 ;  h + a . f , , ) o ;  ü + b i t ) 0  ;  ü :  l ,  2 , . . . , 7 ;  ( L 7 )
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ruhere p(lc, t, a) equals to

-  ( t"  * a .3; .  r /s14, t) l (h + b . i )  + d,h(k, t))  1ai@, t1 (18)

nf dh(k,t) is positiae, oth,eruise it is negatio*e infinite a.nil q(k.t.a) also equals fo (18;
if d,fr,&,t) is negatiae, otherzctse it is Ttosi,ttae tnfinite; the o*alues u(k,t) and, u(k,t) are
determineil a.s in Theorem L prouid,ed, that dh(k, r) + 0, otlterzuise they are negatio-e or
gt o.*itiu e inf init e r e sp e ct ic* ely .

Proof. For inputs 15, i ,  ä'1it  must be true that

i & , t )  > i 6 ;  t : 1 , 2 , . . . ,  T ;  l c : 0 , 1 , . . . f  -  I  .  ( r g )

I f  ( s ,ä , r f ' )  anc l6 .7 t , i t ' l have thesameregenera t i onse t  { k ( t ) ' t  t hen rvecanr r r i t e (19 )
AS

( s  *  a .3 ;  .  s1k ,  t )  +  ( h  {  a .  f i 1 .  ( ngc , t )  +  b .  t ( t ' , q )
)  (s  *  a .3 )  .  s ( , )  +  (nO +  b .  t ( t ) )  (h  +  b .  t l

or otheru'ise

(s f  a .G7 .  r ls1k,  t )  + (h *  a. t1.  angt ,  t1
> -(h *  u . i l  . t ,  .  af i6,  ty  .

Then, if ctfr@,t) + 0, conclitions (15) directll- follorr., l-lrile if rlh(k, ü) : 0 then it
must be valid that

s . cls(k, t) + h . clh(k, t)

2 -ct, .  ( . i .  r /s(Ä, q + fr  .dh(k, t))

and from this assumptions (16) are necessarr-.
The sufficiency of the conditions can be seen easiiy. ti

E x a m p l e .  L e t  T  : 3 ;  s :  5 ,  3  :  1 ;  h : 2 .  f i , :  - L . :  d  :  ( 3 , 2 ,  1 )  a n d  , t :
: (-1, 0, 1). Then the follori.ing parameters n'ill be d.etermined (compare Table 1).

Then dh(k, t) f  0 for index pairs (k, t) :  (0. 3) and (2, 3). For these assumptions the
inequalities

- i l @ - 2 ) - 4 < b ,

l > ö

hold., di l t t , t):0 ancL the denominator of (8) is not equal to zero for the index pair
(k,ty : (1,2) ancl the constraint from this is

_Ll?,  {  a  .

Table I

t :  l l  2  3  t :  l l  2  3  t :  i l  2  3

k : O
1
2---------

h(t)

0  0  2  k : O  O  2  4  k : O  i l  I  I
0  r  r  -  0  r  r  l -  2  2

0  2  2  2  l -  2

0  0  L  l \ t )  r 0  2  |  s ( r )  I  I  2

of / r(4.  ü) The values of h(k,  t )  The values of s(ß, l )The valtres
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Fie. l. Set -48-

Table 2

cornputation time on
IBM-XT (rn in:sec)

The other constraints are redundant.
The solution of the problem is represented by Fig. l. Table 2 contains the compu-

tation time of some examples rrhose cost inputs are as above while d and ä are generated-
randomly. The computation time includes the printing at the monitor out of all
constraints describinE the set AB.
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Kurzf assurtg

Die Arbeit l iefert eine Analyse cles paranrerrisierten d;'nanrischen Losgrößenrnodells.
Drei Fälle der Pa,rarnetrisierung werden unüersucht: (l) Fix- uncl Lagerkostä, (2) Bedarfs-
vektor, (3) Kosten und Bedarf. Fär alle drei Fälle u'erden Stabil itätsblreiche der Parameter
ermittelt, d. h., es rvircl gezeigt, für welche Parameter eine clurch den Wagner-Whitin-
Algorithmus berechnete Lösung gültig bleibt.

__It- 9ut Fällen (l) und (2) werden die Parameterintervalle aus einfachen S;;stemen von
L'ngleichungen abgeleitet. Inr kornplizierten Fall (3) rvird der Stabil itätsbereich r-on zlei
Parar'eteur rnit Hilfe eines Rechnerprograrnms crargestellt.

Pesrc;te

I'Icc;reÄoeaua napallerpuqecFiafl AuuaMr{rrecna.s aaxaqa ynpaB;reHr{E Banacaylr. pac-
c:llorpeHbl TpI'I tlacrlrblx cilyqar: (1) 4;rn rrocroffnrbrx rraÄeprfie]i rr r.ralepäie]i xpagegr{.fl,
(2).lnn Beliropa crpoca, (3) u"'In rlaÄepr*iefi n cnpoca. ,[na anrx c;ryqaeB nal-rfena odnacrr
ycrol-rtruBocrll napa}lerpoB, T.e. noliaSaHo ÄJ.s HaliHx SHaqeH[r-r [apa]rerpoB ocraorcs
BepHbIlIlI pelueHllflr^uar:rÄeunrre aJlroprrrlrox Baznepa v Baümuua. Auaaua napalrerpoB
rirs cilyqaes (1) n (2) npollaBeÄelr trccJreroBarrreu npocrbrx cucrerr HepaBencre. Odnacrs
Jr'CTor"lrrHBocrrr trirfl 60nee cJrolriHoro cryqaff AB-vx flapa]lrerpon (3) onpef€;-reHä npn no-
rvroll lu nporpa]I]rhr Ha nepcoHanbHo]r F(o]rIIbroTepe.
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