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Ab$tnct This paper r€considers Termter's remam&chting mod€I. It provides the ana.lytical
fomr ofthe proposed model and gives the explicit solution. Itr cootrast to Temter, it is shown
tbat the optimal (noninteger) manufachuirg and refianufacturing batches might be both
geater than one. Furthermoie the optimal reuse rate is determined excplioitely.
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l. Introductiotr

Quantitative models for invenlory systems with rcmanufacturing prcvide an actual
generalization of classical EOQ models. A number of authoß have pioposed such a models.
Our papen deals with one ofthese proposals, we investigate the model of Temter ü31.

Teuntei in his work has stated that in the proposed model there should be either no more than
one manufacturing batch and no more ihan one retuanufacturing batch in a cycle. A cycle is a
sequence ofactivities with a fixed number of batches.

The goal of the paper is to reconsider the Teunter's model. First the explicit model will be
discussed and a solution is given for this model, because the author has neglected to describe
the explicit model. After solving the problem, we give a cormtercxample, where the
maoufacturing and remanufacturing batches ale slrictly gieater than one. By this
cormterexample we show that the Teunter's graphical proof, that one of the batch numbers
equal to one is not correct. In fact, he proved this propefty of the batch numbers for the
assumption that only Elatively prime (coprine) batch numbers of maoufacturing and
rernanufachring arc considered, or in other words, for batch nunb€rs wittr a gleatest common
divisors seater than one.
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a The model

Teuuter has investigated in his model the following activities:

- remanufacturing,
- disposal and
- manufacturing.

IA a cycle be the above-mentioned sohedule with fixed batch sizes for manufactwing and
remaortrachting. In a planning period there ß only one cyale. (T\is can be proved very easily
by grorying the remanufacturiog and manufactrning lots.)

Thc goal ofthe decision maket is to minimi"e the cost for maoufactüing and remanufacturing
bdch numbeß and sizes and for the leüse rate. There are EOQ-oriented setup and holding
costs for remanufacturing aod manufactruing, linear production and remanufachrring costs,
line€r disposal cost and holding cost for non-serviceable items.

The notatioDs ofthe model are the followrne:

System p<trameters:

- T length ofthe plaoning horüoo,
- r lehlm rate (0-9_<,1),
- ), rate ofdemand.

Cost parameters:

- 1(, sehrp cost for manufacturing,
- K, sefup cost for remanufacturiDg,
- r. holding cost for manufacturing items,
- h, holding cost for r€manufaotudng items,
- h, holding cost for non-serviceable items,
- cn mrtrufactudng cost,
- ct remanufacturitrg cost,
- cd cost for dispositg one non-seniceable item.

Decbion variablet:

-p. batch size for manufacturing,
- Q, batcb süe lor remanufacturing.
- M number ofmanufacturitg batches,
- R number ofremanufacturing batches,
- u reuse rate (0_<r/_9).

We assume that all pardmeters and the decisions variables are nonnegative numbers. We will
describe the mathematical model with some application,
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Fi6t we show some relation.

I ) Relatiotr for serviceable stock:

MQ^+RQ,=1r
2) Relation for non-serviceable stock:

RQ,+17( / -ü)=1Tr

O <  < r

Fig, 1. Materirl flow in the nodel

Serviceablestock koduction

The linear systems (l) ard (2) can be solved for Q, aÄ Q.:

(r)

(2)

^ ,1lt - ulf

^ )"uT
(4)

h relation (4) it can be u=0, ar.d Qr=o. n meaß that all returned parts are disposed, there is
no reuse in system and the management problem tums into a simple inventory problem.
Another interesting case is, if the retum rate equal to rcuse üte (a=r). This case shows zrn
exanple, when all retumed parts are reused and there is no disposal activity. Identity (3) and
(4) will be useful to create otr cost frmctron.

Now we describe the total cost function. This we make in two steps. First we investigate the
cost firnction for serviceable and the non-serviceable Darts.



Cast for s erviceab Ie iterfis :

(  n 2  \ /  o t  \
I RK. + Rh,E! 1 c,ng,l+l urc" + Mh.Yz + c-Me. I
\  z ^  / \  z A  )

setup costs + holding costs + (re)r anuJacturing costs

It is e3sy to obtain using the EOQmodel.

Cost Jor hon-s erviceable items :

a 2  l  / 1  \  l
h.+lR'l.. -tl+ Rl+c/'r(r -u)

z ^ l  \ f  )  )

holding costs + disposal cost

iogove this r€lation, we inhodüce the maximum stock level for the non-serviceable parts
In*. We know that,R0, unit r.ill be remanuäctured, after the ,Rfh remanufactudng the

[rnve ory fevel is zero. and tbe returDed parts could be described as ( n - l9t t -' )

TbeD it is true the following:

I:- - Re. + @ - t)+ t' = o - ry- = RO, - (R -rb,r = e,[r(r -,)+r"]

The idventory holding costs for non-serviceable items consist of two Darts: holdins costs
duriDg the rernanufacturing and boldhg costs during the nanufacturing. Flrg we consürct the
holdhg costs during the manufacturing. It is easy to obtain

^z  t ^h  \  12

l *  
r ,  - U ,  l  \ t - r  l +  r l

zlr zA

l,et us now model the iemanufacturing activities fo. retumed parts. In the ,th interval the
initia.l inventorv level is

t! = ri* - ie, + Q -t),O, = O,bG -t)+ n0 -,))

and the ending inventory level

I :  = I :^  - iO,+ire,  =9.(r - r )+n(r-r )+r ] .

The holdilg costs during the remauufacturing are defined as follows

Y.i(r '  *  r ' )
. ) ) L ) \  t  ' t t

4



Fig. 2. Modeuing the inventory policy (n=3' ,lF7)
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and l|le

If qe summarize for i

t (1: + 4)- t [i(' - t)+ r(t -r)]+ [(r - t)+ n(t -')+']l=

= e,{R'(t -,)- R(2., -r)-,}

holding costs for the non-serviceable items

h.(?Yoi *t:\* r: äl=o-4i" ' f  t  - '1.*.I' \ z , r ,a ' '  - ' '  ' '  u ' )  "  z , t l "  \ ,  )  
"J

i l

l i r i l r .
, 80 the total cost fimction, F(Q"Q^R,M,u) ueknown:.

F@.,e^,M, R.,) =(u., *,ff , ".no.)*(,x. * m-*. ".*n.).

. h " *{R' (! - t), n} + " " n (, - ")

- !.( t"r\' { R ( ! -r ) + r} *,,,r1, -,[
2 r ( R l t ' - \ , . 1  )

Function F(l,,U,a) can be lvritten in a simpler form:

h  l h  ) " ) r 2  
M  t h .  

) ( t - u ) j T :  
+FlR.M.u)= RK,, t ;  '  * "  

2 ^4

. !n ' r ' ( ! - t I r  ) t t r (c. -  c-  -  cnl+ )r lc-  + cor)2  \ r  )

This cost fimction is to minimize for values R, M and z.



I Ttc optimal soltioo will be constructed stepwise, the seque-nce of the optimizatioD is the
, following:

- R, Mutd
- u .

I From the convexity offimction F(n,u,u) in-RandMfollows

.  |  ) h
M" = \t-uv 1l:::-

f  _ ' ' i

the simpler cost frmction after substituting X' and rll

F t(u) =,r {z n<j@ji) + (r - ulr.fi t x.[ + ! *, r, (' - t) *
2 \ , )

+ tuT(c, - c^ - co)+.17(c. + cot\=

" -h(1 \ r--------------n t r' !.1! - t 
) 
*,rll, tx n=n li t x St, + t (,, - ". - ", )],

l -

V.lu.K"h" + )Tlc^ + cor)l

Funcrion Ft(a) is quadratic and convex again in a, and a is between , and,,.

I 0  t < 0
I, ' = 1 n  t € ( 0 . / )
I t  i  > r

where

Jitx.n^ - Jz.tt<I!,, *)+ tG^ + "" - ",)
, . h ,  ( t  , \

2 V  )

a' = ur ltlh, * h,



tu"r _ 121K,

With the hclp ofvariable r" we can calculate vaÄables Qi urd' Qi

So we have obtained the following

' 
Ihcorem: The optimal solution for the reverse logistics problem is:

[ o  t : o
n =10 i_e (0.r) ,

l r  u  z r

+ c a - c , l

M . = h , " h . w . .'  
\2K"

.titx -4 -.liu<fi +i) + t(" "

The model is hereby completely solved.

tr!"(!_r)
2 \ r  )

i r .



dü rrolts ofthc las scction, we üse the following dates:

s 9.334 ,

I parametsrs we have the following optima.l solution:

'Q -o4 '

-u=4 ,
-  r '=  0 .8 .

I
I
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Thal both manufactudng and remanufactuing batch nümbers are greater than one, is caused
by the high setup costs. This example shows, that batch siz€s are coprimes.

5. Conclusion

In lhis paper we have solved a remanufacturing problem. It was showu that the optimal
number of both manufacturing and remanufactuing sizes can be strictly greater one. The
optimal manufacturing policy is either all retumed items to dispose without remaoufactüing
or all retumed items to remanufactwe or to apply all both activities.

The solution ofthe model considers exclusively such cases when both batch numbeß greater
than zero, but not integer. A possible generalization would be the consideration of integer
nunbers ofbatches.

r 0.2,
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